
R H E O L O G I C A L  E Q U A T I O N S  O F  S T A T E  O F  W E A K L Y  

C O N C E N T R A T E D  S U S P E N S I O N S  OF R I G I D  E L L I P S O I D A L  

P A R T I C L E S  

Y u .  V .  P r i d a t e h e n k o  a n d  Y u .  I .  S h m a k o v  UDC 532.52 9 

Rheological  equations of s tate  of dilute suspensions  of r igid e l l ipsoidal  par t i c les  (ell ipsoids 
of revolution) are der ived [1-4] f rom the vantage point of the s t ruc tu ra l -con t inuum ap-  
proach ,  with attention given both to rotat ional  Brownian motion of par t i c les  and to the i r  
ine r t i a  and the outer  force  f ields.  Interact ion between par t i c les  is ignored in those t r e a t -  
ments  given the low concentra t ion of the suspended pa r t i c l e s .  In this paper ,  the e a r l i e r  
findings [1-4] are genera l ized  to higher  concent ra t ions .  The effect  of hydrodynamica l  in-  
t e rac t ion  between pa r t i c l e s  on the rheological  behavior  of the suspension is t r ea ted  in the 
l ight of the Simha approach [5]. 

We r e s o r t  to the s t ruc tura l -cont inuum model [6, 7] with fixed length of or ientat ion vec tor  n i 

tij = (% q- ald~.mnlcnm) 6ij q- a2ninj q- azd,~mn~nmnin j -~ a4di) -~ asdi,~nanj -~- asdj~n~.ni ~- aTniNj + asnjN~ (1) 

e (iii q- n~i~nO = y [Ni - -  ~, (dijnj --  dj.~njn~n~)] ~ e~j,~Mjn,~ (2) 

in der iving the rheologica l  equations of state of weakly concent ra ted  suspensions  of r igid e l l ipsoidal  p a r -  
t i c les .  

Here  tij is the s t r e s s  t ensor ,  dij is the s t ra in - ra te  t ensor ,  N i = n i - wijn], wij is the veloci ty  vor tex  
t ensor ,  M] is the momen t  of the fo rces  acting upon an e lement  of the subs t ruc tu re ;  ~i ,  e , X ,3/ are rheo -  
logical  constants ,  and 6ij , el] are  the s y m m e t r i c  and s k e w - s y m m e t r i c  Kronecker  symbol s .  

We take as our or ientat ion vec tor  ni the unit vec to r  oriented on the rotat ion axis of the e l l ipsoidal  
pa r t i c le .  Then the rheological  constants  figuring in Eqs .  (1) and (2) can be de te rmined  for  any case  by 
genera l iz ing  J e f f e r y ' s  r e su l t s  [8] with the aid of the Simha approach [5]. 

In accordance  with [5], we cons ider  a cons t r i c ted  flow of an el l ipsoidal  pa r t i c le  within a sphere  
whose cen te r  coincides with the cen te r  of the par t i c le ,  and whose radius  R = (a b~/V) ~/3, where  2a and b 
are the ro ta t ion  axis and the equator ia l  radius of the par t ic le ,  r e spec t ive ly ,  and V is the volume concen t r a -  
tion of suspended p a r t i c l e s .  The solution of the actual hydrodynamiea l  p rob lem in the Stokes approx ima-  
tion, sat isfying the condition of "s t icking" on the sur face  of the par t ic le  and the condition of ve loci ty  p e r -  
turbat ions vanishing on the sur face  of the sphere  in question, will be sought by the method of success ive  
approximat ions .  

As our f i r s t  approximat ion we take the J e f f e r y  solution [8] which, in a moving f r ame  of r e f e r ence  x i 
with or igin at the cen te r  of the par t ic le  and axes coinciding in direct ion with the d i rec ted  pr inc ipa l  axes of 
the el l ipsoidal  par t i c le ,  exhibits  the fo rm 
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where  u i is  the ve loc i ty ,  u0i is the ve loc i ty  of the u n p e r t u r b e d  s t r e a m ;  p is the p r e s s u r e ;  P0 is the p r e s s u r e  
in the unpe r tu rbed  s t r e a m ;  r is the modulus  of  the r ad ius  v e c t o r ;  # is the dynamica l  v i s c o s i t y  of the so lvent ;  
Aki a re  quant i t ies  def ined in [2]; ~0 = ApqxpXq . This  solut ion a c c u r a t e l y  sa t i s f i e s  the boundary  condi t ions  
on the su r f ace  of the s p h e r e ;  the ve loc i ty  pe r t u rba t i on  on the su r f ace  of the e l l ipso id  does not  exceed  a 
quant i ty  of the o r d e r  O(R-~). 

We now find the s econd  approx ima t ion  in the p rob l em,  such  that  the ve loc i ty  pe r t u rba t i on  on the s u r -  
face of the e l l ipso id  wil l  not  be g r e a t e r  than a quant i ty  of the o r d e r  O(R-~). F o r  that,  we add to Eq .  (3) the 
fol lowing solut ion obtained by the method employed  in [8]: 

4 t ( B ~ - -  B~)x~--  U~, p* 
u~* = T - ~  - ~ - ~  + = p (4) 

Where  r = BpqxpXq 

5tit1 
Bn = t8~o,,~R3 

5d2~ 5 (8"" - -  aa") (2b2ct0 ' + 38o") dn (5) 
B ~  - -  ~ + 72b~o,2~o,,2B 3 

5d3~ 5 (8o" - -  olrj") (2b2~zo ' -j- 38o") dlt 
Baa = 864~a,2R3 ~- 72b,ao,28o,,~B 3 ' 

B12 = {[15ao (% + ~o) - -  4b2~o ' (~o --  ao)] dx2 + [ 4b~ ( az + b2) ~o '2 --  15 (a ~ --  b ~) ao~o' ] (~o12 + r / 12,3o'2B2Ra 

B~, ---- {[15~o (ao + ~o) + 4a2~o ' (l]o - -  ao)] d:t + [4a ~ (a 2 + b ~)/3o '2 + 15 (a ~ --  b ~) ~ol3o' ] (r - -  r / 12%'2B~B a 

B~a = {[t5% (% + ~o) --4b~'o (~'o-- %)] d~a + [4 b~ ia ~ + b~)~o '~ - 15 (a 2 22 b ~) %1~o'] (oh~ -- o~)} / i2~o'~B2Ra 

Bat = {[t5~o (ao + ~o) + 4a2~( (~o --  %)] d~t + [4a ~ (a 2 + b ~) ~o '~ + !5 (a ~ --  b ~) l~ol3o-'l (~ + ~%)} / t2%'~BZ//~ 

B~3 5d~ B~ = 5da~ 
864~0JzR3 , 8baaoZ2B3 

13 = a2a0 + b2fl0, d0, fl0, a 0 ' ,  rio' ,  d0",  rio" a re  funct ions  of the r a t io  a / b  defined in [8]; w i is the angular  
ve loc i t y  of the pa r t i c l e ,  Ui and P a re  the next  t e r m s  in the expans ion  of the J e f f e r y  solut ion having quan t i -  
t ies  of the o r d e r  U i ~ O(R -4) arid P ~ O(R -3) on the su r f ace  of  the sphe re .  

Addi t ion of the solut ion (4) to equa t ions  (3) makes  it poss ib le  to s a t i s fy  the boundary  condi t ions  on the 
s u r f a c e  of the e l l ip so id  exac t ly ,  but  the solut ion so c o n s t r u c t e d  fai ls  to sa t i s fy  the boundary  condi t ions  on 
the su r f ace  of the s p h e r e .  

Once one o ther  p a r t i c u l a r  solut ion usefu l  in sa t i s fy ing  the b o u n d a r y  condi t ions  on the s p h e r i c a l  s u r -  
face exac t ly  has been found, toge the r  with the so lu t ions  (8) and (4), we a r r i v e  at  the defini t ive solut ion of 
the p r o b l e m  in the s econd  approx ima t ion  

h i ~  UO~-~- 4 R a _ _ r  a j{S__r s R ~ - r  ~- 0 ( ( D o + ~ )  , 
3 Bar ~ ( A ~ I + B ~ * - - A ~ - - B * ~ ) x ~ - - 4 x ~  (d:)~ B ~ O x ~  ~ - U ~ + U ,  (6) 

8~ 421~ p ,  
p = p0 - - 7  (r  + r  - @o + ~ )  + P + 

where  Ui '  , P '  is the p a r t i c u l a r  solut ion of the p r o b l e m  sa t i s fy ing  the fol lowing bounda ry  condit ion on the 
s u r f a c e  of the s p h e r e :  U i '  = - U  i .  Given the c u m b e r s o m e n e s s  of the e x p r e s s i o n ,  Ui, Ui ' ,  P,  and P '  a re  not  
ca l cu l a t ed  out .  As the inves t iga t ion  shows ,  these  e x p r e s s i o n s  make  no cont r ibut ion  to the ave raged  s t r e s s  
t e n s o r  c o n s t r u c t e d  below fo r  the p r o b l e m  in ques t ion .  

The s t r e s s  t en so r  ~i j  fo r  the m e d i u m  [9] can be found f r o m  the ve loc i ty  and p r e s s u r e  pe r tu rba t i on  in 
the moving s y s t e m  of c o o r d i n a t e s  x i. By  ave rag ing  the s t r e s s  t en so r  d e t e r m i n e d  by the solut ion (6) ove r  
the volume of the s p h e r e ,  and p roceed ing  f r o m  in tegra t ion  ove r  the volume to in tegra t ion  o v e r  the s u r f a c e  
of the sphe re  [9, 10, 2] we get  

8LtV 
*~J = --  Po6U + 2vd~j + - - ~  (A,~ + BO) (7) 

The or ien ta t ion  equat ions  for  an e l l ipso ida l  pa r t i c l e ,  when the m o m e n t  of ine r t i a  about the ro ta t ion  
axis  of  the pa r t i c l e  (prola te  e l l ipsoids)  is neg lec ted  appea r  in the moving  s y s t e m  of coo rd ina t e s  x i in the f o r m  

0 = MI*  + Ml~  , I (&z - -  r = M=* + M2 ~ 

I (6 8 + O1(.02) = .Ma* + Ma ~ 

(8) 
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where  I is the m o m e n t  of ine r t i a  of the e l l ipsoid  about the axis lying in the equa tor ia l  plane,  Mi ~ is the 
m o m e n t  of the ex te rna l  f o r c e s ,  and Mi* is the m o m e n t  of the h y d r o d y n a m i c a l  f o r ce s  whose  componen t s ,  in 
the ease  in point ,  exhibi t  the f o r m  

MI* = -- 

Ms* = --  

M8* --  

16~1~ 2V ~ (o) 
3~o ( t  + 3--~N~] ~ 2 ~ + ~ )  

32n~ (Aal + Ba~ -- A~a --  Bla) 3 
32n~ 

3 (A~s + B~s-- As1-- B~) 

(9) 

Cons ide r ing  E q s .  (1) and (2) in the moving s y s t e m  of coo rd ina t e s  xi(n 1 = 1, n 2 = n 3 = 0, fll = 0, fl~ = w 3, 
f13 = -w2, }~I = -w22 - r176 i{2 = ~ + ~2wi, i{3 = -052 + w3wl), and c o m p a r i n g  E q s .  (1) with (7), and (2) with 
(8), (9), we find the rheo log i ca l  cons tan t s  appear ing  in Eqs .  (1), (2), ~ = 1 

7 3B .(a2 + bS) + 6ab2S 
.J 

= [a S _ b 2 +  15 (a2 -- b2) (ct~ + 6ab2~o'B~~ + 4 (a ~- + b ~-) (~o -- a0) V] [a S + b~ + i5 (a~ -- b~-) ~6ab2B+ 4;(aZ + bS)~- V]-I (1 0) 

ao = - -  Po, as  = 0 

29V (~#' -- uo") 5~tV~ (~o" -- Cto") (2bSc~o ' + 3,Bo") 
al ="  3ab~o"C~o' -}- 9aSbS~0"2c~0's 

21xV [.a0"~__~" 2(ao+$0)] 2~V~ [5(,~o"2+~o"Uo"-4-ao "s) iS(~+$oF+4~o'Z(aS--bS)~] 
a3 = ab2 I. bSao'~o" ~o'B " +-5-~WL' b%%o "z -- ~o'SB 2 

V 5V s 
a~ = 2~ (i  + ~ + 2a~bSaD, ] 

4btV ( ~o l ) 2~tV s [i530(uo+~0)+4aS~'(~o--ao) 5 ] 
a~ = ~ \ $0'B 2b~"u0 "_ + ~ L" 3~0 "=B2 2b~cto '2 

4~V ( ~0 t ) +  2~tVS[t5~0(a0+~)--4b2~0"(~o--~) 5 ] 
a6 = ~ '~o~ 2X~o' ~b' L 3~:'~-~- 20~o'~ 

4b2~V 2~tV 2 [4b 2 (a s @ b 2) ~o' - -  t 5  (a  2 - -  b~) ao] 

4aS~V 2~V 2 [4a s (a e + b~) ~o' + i5 (a s -- ~) ~0] 
as = - -  abZB 3a~ba~o'BZ 

Since the o r ien ta t ion  v e c t o r  c h a r a c t e r i z e s  the behav io r  of the s u b s t r u c t u r e  ( m i c r o p a r t i c l e ,  m a c r o -  
molecu le ) ,  upon cons t ruc t i ng  the rheo log ica l  equat ions  of s tate  we have to p e r f o r m  an ave rag ing  p r o c e s s  in 
Eq .  (1) with the aid of the d i s t r ibu t ion  function of the angular  pos i t ions  of the ro ta t ion  axis  of the suspended  
pa r t i c l e  F which,  t oge the r  with de t e rmina t e  fo r ce s  act ing on the pa r t i c l e  (hydrodynamica l  f o r ce s ,  ex te rna l  
fo rce  f ie lds) ,  can  be taken under  cons ide ra t ion ,  and also fo r ce s  due to the ro ta t iona l  BrowMan mot ion .  As 
shown in [3], we have to in t roduce  into Eq .  (2), in Mj, the m o m e n t  

O l a f  
M~ o = - -  k T s ~ n ~  oz~ 

where  k is B o l t z m a n n ' s  cons tan t ,  and T is the absolute t e m p e r a t u r e .  

Acco rd ing l y ,  we take,  as the rhe o l og i ca l  equat ions  of s ta te  of weakly  c o n c e n t r a t e d  suspens ions  of 
r ig id  e l l ipso ida l  pa r t i c l e s ,  Eq.  (1) with coef f ic ien ts  a i r e l a t ed  to the p a r a m e t e r s  which c h a r a c t e r i z e  the 
g e o m e t r y  and concen t r a t i on  of the suspended  pa r t i c l e s  by equat ions  (10) : Equat ion  (1) is ave raged  with the 
aid of the d i s t r ibu t ion  function F sa t i s fy ing  the equat ion 

OF / Ot = DrAF --  div (Fr (11) 

where  t is the t ime ,  Dr  = - k T / 7 ,  w is the angular  ve loc i ty  v e c t o r  of the pa r t i c l e  d e t e r m i n e d  f r o m  Eq.  (2), 

T~ = <t~> = (% + atd,.~ (n.~nm~) 5~ + aad~..~ <n~n.~n~n~) + 

+ a~d~ + a~d~ <n~n~) + a~ d~.~ (n~n~) + a7 (n~N~) + as (n~N~> (12) 

Since 7 was  obtained with " c o n s t r i c t e d "  flow taken into account ,  Dr  = - k T / 7  takes  into account  the 
effec t  of the h y d r o d y n a m i c a l  in t e rac t ion  of suspended  pa r t i c l e s  on the ro ta t iona l  Brownian  mot ion  of the 
p a r t i c l e s .  

We note in s u m m a r y  that ,  when we take the h y d r o d y n a m i c a l  in te rac t ion  of the suspended  pa r t i c l e s  
into account  on the bas i s  of the p r o c e d u r e  outl ined in the a r t ic le ,  the rheoIog ica l  equat ions  of s ta te  of the 
weak ly  c o n c e n t r a t e d  suspens ions  of e l l ipsoida l  p a r t i c l e s  coincide in f o r m  with the equat ions  of s ta te  of 
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dilute suspensions of ellipsoidal part icles .  The hydrodynamical interaction between the suspended par-  
ticles is manifested in the changes experienced by the distribution function F and by the rheological con- 
stants. 
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